Using Mountain Pass Lemma, we obtain the existence of nontrivial weak solutions for a class of superlinear and nonhomogeneous quasilinear equations. The key factor in this paper is to use the new idea of near p-homogeneity in conjunction with variational techniques to obtain a new multiplicity result for a vast set of nonlinear equations, such as the mean curvature equation and so on.
Introduction
In this paper, we consider the nonlinear elliptic equation It appears that certain nonlinear mathematical models lead to nonlinear differential equations; one of them describes the behavior compressible fluid in a homogeneous isotropic rigid porous medium, such as the p-Laplace equation. And some purely mathematical properties of the p-Laplace seem to be a challenge for nonlinear analysis, and their study leads to the development of new methods and approaches.
Boundary Value Problems
These statements generalize certain homogeneous operators to a class of nonhomogeneous quasilinear elliptic operators. In particular, we get an equation involving the mean curvature 1, page 357 , that is,
, which is nonhomogeneous; see 2 .
For nonhomogeneous quasilinear operators, there are many papers in literature describing the properties of the principle eigenvalue and corresponding principle eigenfunction. One can refer to 3-9 . It is the purpose of this paper to study the existence results of non-homogeneous quasilinear equations. Using Mountain Pass Theorem 10 , the work of Leray and Lions A-3 below 11 , and variational techniques of Euler and Lagrange, we obtain the nontrivial weak solution of 1.1 .
In conclusion, we like to say that Theorem 2.1 in this paper extends and unifies the previous results of 2 .
This paper is organized as follows. In Section 2, we introduce some preliminaries and state the main results in this paper. In Section 3, the proof of Theorem 2.1 is given.
Preliminaries and Basic Results
In this section, we introduce the assumptions and definitions necessary for the proof of the theorem to come in the next section.
Let L p Ω denote the usual Lebesgue space endowed with the norm |u| We define the following semilinear Dirichlet form:
From the definition above and A-2 , we get
Then it follows from 13, page 1822 that lim inf
So we define as in 13, page 1821
2.10
Also f x, u ∈ C Ω × R, R will meet the following conditions. f-1 There exist constants
where 1 < r < p < q < p
0. Now, we state our main theorem in this paper. and f satisfies (f-1)-(f-3) . Then problem 1.1 has at least one nontrivial weak solution.
Theorem 2.1. Assume that Q given by 1.2 satisfies (Q-1)-(Q-3), A α x, ξ m satisfies (A-1)-(A-4),
λ ∈ 0, λ 1 ,
Proof of the Theorem

Define a functional
Also we note that there are positive constants c 3 and c 4 such that
and from the Poincaré inequality, there is a positive constant c 5 such that
Let 
Proof.
1 We have the boundedness of PS sequence of I u . Suppose that {u n } is a PS sequence of I u ; that is, there exists C > 0, such that
By Q-2 , A-4 and Fubini theorem, we have
From 3.5 we have
where C 1 is a constant independent of u n . The above estimates imply that
Since W m,p Ω is a separable Banach space, from Sobolev compact imbedding theorem 14, page 144 and the weak convergence theorem 15, page 8 we obtain that there exists a subsequence still denoted by {u n } and a function u ∈ W m,p 0 Ω , such that
2 Next, for the above {u n } we claim that
Let ϕ u n − u in 3.5 , we see that
We conclude from f-1 and Sobolev compact imbedding theorem that
3.15
where/ q − 1 . Also we see from 3.8 that
By 3.14 , 3.15 , 3.16 we obtain that 3.13 holds. 
3.19
To see that c1 and c2 together imply 3.17 , let Ω 1 {x ∈ Ω, c1 , c2 , A-1 -A-2 hold simultaneously}. We have meas Ω meas Ω 1 . If 3.17 does not hold, there must exist a point x 0 ∈ Ω 1 , and further a subsequence {ζ m u n k l x 0 }
